We make a general derivation for the magnetic dipole-dipole interaction based on the mediation of the quantized electro-magnetic field. Due to the interaction with the dipoles, the dynamics of the field is added by a dipole field, which finally gives rise to the dipole-dipole interaction. Different from previous studies, the rotating-wave-approximation is no longer needed throughout this derivation, and our result naturally gives the interaction for non-resonant dipoles. Moreover, our derivation also gives the counter-rotating interaction terms, and even the mixed interaction terms between the permanent and transition dipoles. We notice that this fieldinduced interaction is associated with the interference of the virtual/real photons emitted from the two dipoles, thus the interaction strength could be influenced by the frequency difference of the two dipoles.
I. INTRODUCTION
The electric/magnetic dipole-dipole (DD) interaction exists in many different physical systems [1] [2] [3] [4] [5] [6] , such as the electric interaction between the dielectric defects in solid-state systems [7] [8] [9] [10] [11] , and the magnetic interaction between the nitrogen-vacancy and the nuclear spins around [12] [13] [14] [15] .
In classical electrodynamics, it is well-known that the magnetic dipole-dipole interaction is [16] V = µ 0 4πr 3 m 1 · m 2 − 3( m 1 ·ê r )( m 2 ·ê r ) .
For quantum systems, usually the DD interaction is obtained by simply replacing the classical dipole moment m i with the quantum operatorm i . But this interaction also can be considered in another way: in principle, the DD interaction should be induced by the mediation of the EM field. To carry out this idea, we can derive a Markovian master equation for two dipoles which are separated by a certain distance and locally interacting with the EM field, then the field-induced DD interaction appears as the offdiagonal Lamb shift in the unitary correction term [17] [18] [19] [20] [21] .
For two-level dipoles, this derivation gave a transition interaction with the formV = g(σ + 1σ
2 ) when their transition frequencies were exactly resonant. In this lengthy derivation, the rotating-wave-approximation (RWA) should be applied in a proper way, and the counter-rotating interaction terms cannot be obtained, which is different from the above direct exchange method from Eq. (1) .
Even for this resonant transition interaction, it turned out the interaction strength g does not exactly return to the above classical form (1) , unless the distance between the two dipoles is much smaller than the transition wavelength r/λ 1 (the Dicke limit) [17] [18] [19] [20] [21] [22] .
We noticed that this difference can be understood if the permanent and transition dipoles are treated separately [23] . By checking the dynamics of the EM field, we made another simplified way to derive the field-induced magnetic DD interaction, which gives both the permanent and transition DD interactions. The diagonal terms of the dipole operator correspond to the permanent dipole moments, and their interaction returns to the classical form directly. The off-diagonal terms are the transition dipole moments, which indeed do not have classical counterparts, thus their interaction intrinsically contains quantum corrections and does not need to return to the classical form exactly.
To make a more precise comparison with the interaction directly exchanged from the classical one, we still need to study the DD interaction between non-resonant dipoles, as well as the counter-rotating terms. In this paper, we make a more general derivation for the field-induced interaction between two magnetic dipoles with multiple energy levels. We calculate the dynamics of the quantized EM field, and it becomes the summation of the original vacuum field and the dipole field due to the interaction with the dipoles. Then the DD interaction is derived from the local interaction between the magnetic dipole and the incoming dipole field. The RWA is no longer needed through out this derivation, thus we can obtain the field-induced interaction for non-resonant dipoles, and even the counter-rotating interaction terms.
Different from the electric interactions, both the static and radiative magnetic interactions are related to the transverse modes of the EM field, and do not involve the longitudinal modes [18, 20, 24] . Therefore, our derivations can be well done under the Coulomb gauge and naturally gives both the permanent and transition DD interactions between two nonresonant dipoles. Moreover, our result also contains counterrotating interaction terms and the mixed interaction terms between the permanent and transition dipoles, which are usually negligible under the RWA.
We notice that such field-induced DD interaction is associated with the interference of the virtual/real photons emitted from the two dipoles. As a result, the interaction strength could be influenced by the the frequency difference of the two dipoles.
This paper is organized as follows. In Sec. II, we introduce the model setup and study the dynamics of the quantized EM field induced by the magnetic dipoles. In Sec. III, we derive the general result for the field-induced interaction between two magnetic dipoles with multiple states. In Sec. IV, in the example of two-level dipoles, we discuss the different interaction types according to our general result. Sec. V is a brief summary.
II. FIELD DYNAMICS INFLUENCED BY DIPOLES
We consider there are two magnetic dipoles placed in the EM field (Ĥ EM = kσ ω kâ † kσâ kσ ). Each dipole has multiple energy levels, and the self-Hamiltonian readsĤ i = x E (x) i |x i x| (i = 1, 2 for dipole-1,2), where E (x) i and |x i are the eigen energy and the corresponding eigenstate.
The two magnetic dipoles interact with the EM field via the interaction [23, 25] 
Herem i is the magnetic dipole moment, x i is the position of dipole-i. Under the Coulomb gauge, the quantized magnetic fieldB (x, t) = ∇ ×Â (x, t) reads aŝ B(x, t) = kσ iê kσ Z k â kσ (t)e ik·x − H.c. ,
where Z k := µ 0 ω k /2V andê kσ :=ê k ×ê kσ . The index σ refers to the polarization directionê kσ orthogonal toê kσ . Generally, the dipole moment operatorm i always can be expanded asm i = = x|m i |x i indicate the expectation value of the dipole moment on the level |x i , thus they are permanent dipoles. The off-diagonal elements m xy i = x|m i |y i (x = y) are usually related to the photon radiation process, and they are transition dipoles [23] .
When the magnetic dipoles are placed in the EM field, they change the original field dynamics. Then such influence propagates to each other, and that is how the interaction is generated between the two dipoles.
To make further calculation, we first consider that only dipole-1 is placed in the vacuum field, and study the field dynamics induced by dipole-1. With the above notations, such
Here the coefficients g xy i,kσ enclose the contributions from the EM field, the dipole moment m xy i , and the position x i . Under this interaction, the field dynamics is given by the Heisenberg equation
int ], which giveŝ
Here the first term comes from the free field, and the second term is induced by the interaction with dipole-1. Now we put thisâ kσ (t) back into the above magnetic fieldB(x, t) [Eq. (3)], and it can be rewritten asB(x, t) = B 0 (x, t) +B D1 (x, t), wherê
HereB 0 (x, t) is the original free field when there are no dipoles. The presence of dipole-1 changes the EM field, and gives rise toB D1 (x, t), which we call as the dipole field. When this dipole field propagates to dipole-2, the dipoledipole interaction is induced.
III. INTERACTION PROPAGATED BY THE DIPOLE FIELD
Now we consider dipole-2 is placed in the field (m 2 = uv m uv 2τ uv 2 ), which interacts with EM field locally viâ H (2) int = −m 2 (t) ·B(x 2 , t). Clearly, the dipole-dipole interaction is the part induced by the above dipole fieldB D1 (x, t) [Eq. (5)], which can be rewritten aŝ
In the last line, we collect the mode summation of kσ into a convolution kernel D yx,uv 1→2 (s), which is defined as
Here we define J yx,uv
as the coupling spectral density, which can be used to turn the above summation of kσ into a continuous integral [23, 26] . For the free-space EM field it can be explicitly calculated out as (see Appendix A)
where we denote η := kr = ωr/c, c is the velocity of light, and r = |x 1 − x 2 | is the distance between the two dipoles. We can see J yx,uv
is an odd function, and J uv,yx
The interaction (6) naturally has a retarded form, and up to now it is still an exact result without any approximation. Here the kernel function D yx,uv 1→2 (s) characterizes the propagating process of the interaction, and it is a fasting-decaying function of t, because its (half-)Fourier image J yx,uv 1→2 (ω) has a quite wide spectrum.
Since D yx,uv 1→2 (t) is already of the second order of the fielddipole interaction g xy,uv i,kσ , thus we make an approximation [17, 23] 
where
1 )/ is the transition frequency between the two energy levels |y 1 and |x 1 . That means, its dynamics is governed only by the self-HamiltonianĤ 1 , without considering its interaction with the field of higher orders. Then the interaction (6) would become local in time, which is composed of summation terms ∼τ yx 1 (t) ·τ uv 2 (t) multiplying by time-independent interaction strengths.
Further, since D yx,uv 1→2 (t) decays very fast to zero, we can extend the time integral in Eq. (6) to t → ∞, and that reduces the interaction Hamiltonian aŝ
where ξ yx,uv
By rearranging the summation indices, the interaction (6) can be rewritten aŝ
1 Here we used the relation is given by the function
with the ratio η = Ωr/c. Here we have utilized the relations Ω
Following the same method as above, we should also consider the symmetric procedure that dipole-2 generates a dipole fieldB D2 (x, t) and then interacts with dipole-1. That results to an interaction HamiltonianĤ 2→1 = Λ uv,yx 2→1τ uv 2τ yx 1 , which can be simply obtained by making proper variable exchanges from the above results. Finally, the total interaction between the two dipoles should be the average of the these two symmetric proceduresĤ 1↔2 = 1 2 (Ĥ 1→2 +Ĥ 2→1 ), and we rewrite it aŝ
Here the interaction strength is divided into two parts: the principal term G (P)
yx,uv comes from the principal integral which is associated with virtual photon exchange, while the dissipation correction G (D) yx,uv is associated with the real photon emission in the atom decay process [27, 28] . Notice here J yx,uv i→j (·) and K yx,uv i→j (·) are not necessarily real numbers, which are determined by the vectors m yx i = y|m i |x i . Now we derived the general result for the field-induced interaction between two magnetic dipoles. No RWA was adopted, and there was no special requirement for the transition frequencies Ω yx i . In the following, we will clarify the physical meaning of the different interaction terms in this result with the help of an example on a pair of two-level dipoles. 
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IV. A PAIR OF TWO-LEVEL DIPOLES
The above result (14) applies for general multi-state systems, and contains the interaction between any two matrix elements of the two dipole operatorsm i = m xy iτ xy i . Now we focus on an example that the two dipoles both have only two energy levels ( Fig. 1) , and discuss the different interaction types in the above general result (14) separately.
Permanent dipoles:
We first look at the interaction between the diagonal termŝ xx,yy directly returns the classical result [see Ω → 0 in Eqs. (13, 14) ]. Finally, such interaction terms can be written aŝ
which has exactly the same form with the classical one.
Resonant transition dipoles:
Now we consider the interaction term between resonant transition dipoles. For the transition operatorsτ 
From Eq. (14) we can see the two summation terms in G (Ω). This result is the same as previous calculations based on master equations [17-19, 21, 23] . This principal interaction strength does not return to the classical form directly, but returns at the Dicke limit r/λ → 0, where λ is the wavelength of the transition frequency Ω.
Following the same discussion, there is also a conjugate term for the transition dipole interactionĤ ge,eg = G
Non-resonant transition dipoles:
Further, we consider the case that frequencies of the two transition dipoles are different Ω 1 = Ω 2 . In this case, the above result (14) gives the principal term and the dissipation correction as 
Since Ω 1 = Ω 2 , the two terms in G (12) in Ref. [27] or Eq. (17) in Ref. [28] ), which comes from the dissipation terms of the master equation. Therefore, here we say G
(D)
xy,uv is the dissipation correction. Similarly, the principal term becomes the average of K eg,ge 1→2 (Ω 1 ) and K eg,ge 1→2 (Ω 2 ). From this result we can see the two dipoles emit both real and virtual photons, and they have interference with each other. But due to the frequency difference, they cannot achieve the complete interference as the above resonance case, thus the two terms in G (D) eg,ge cannot cancel each other exactly.
Counter-rotating terms and mixed terms:
It is worth noticing that the above interaction (14) also contains counter-rotating terms, such aŝ H eg,eg = (G 
Here the principal interaction strength G (P) eg,eg is quite similar with the above transition interaction (18) (except the ordering difference in the superscript). The dissipation term G (D) eg,eg always exists for nonzero Ω i .
Moreover, indeed the interaction (14) also contains "mixed" interaction terms between the transition and permanent dipoles, e.g., 
where K eg,gg 1→2 (0) has the classical interaction form. Usually, these counter-rotating and mixed interaction terms do not exhibit significant physical effects since they oscillate too fast (∼ e ±i(Ω1+Ω2)t , or ∼ e ±iΩit ) comparing with the typical time scale determined by the interaction energy G (...) xy,uv , thus averagely they do not have significant contributions and can be omitted by the RWA. When the detuning between the two frequencies is quite large (e.g., Ω 1 Ω 2 ), we have Ω 1 − Ω 2 Ω 1 + Ω 2 Ω 1 , then these oscillating terms could be comparable with the non-resonant transition terms.
From this example of two-level dipoles, we can see the above general result (14) indeed contains different types of magnetic dipole-dipole interactions, and they are derived altogether based on the field propagation. Clearly, the generalization to multi-state systems is straightforward.
In the Dicke limit (Ω 1,2 r/c → 0), we can see all the dissipation corrections approach zero, and all the principal terms approach K yx,uv 1→2 (0). Thus, after summing up all the above terms, the interaction can be written aŝ 
which just returns the classical form (1) . In this sense, such field-induced interaction is consistent with that directly exchanged from the classical interaction. If the distance between the two dipoles is not short enough, the quantum corrections in the off-diagonal interaction terms (the transition terms, counter-rotating terms, and the mixed terms) should be considered.
V. SUMMARY
In this paper we made a general derivation for the magnetic dipole-dipole interaction based on the propagation of the quantized EM field. In this derivation, the two dipoles may have multiple energy levels, and we only adopted the secondorder perturbation and the Markovian approximation, but did not require the resonance condition. Since the RWA is no longer needed, our result naturally gives the DD interaction for non-resonant dipoles, and even the counter-rotating interaction terms, as well as the mixed interaction terms between the permanent and transition dipoles. As long as the dipole operatorm = m xy |x y| is written down for a specific physical system, all these interaction terms can be derived based on the field mediation.
From this result, we can notice that this field-induced DD interaction is associated with the inference of the virtual/real photons emitted from the two dipoles. As a result, the interaction strength could be influenced by the frequency difference of the two dipoles. If the two dipole moments has the same frequency, our result naturally returns to the result in previous studies. In principle, our derivation may also apply if the EM field has special properties (e.g., by applying certain periodic modulation or placing the system in a cavity with finite size [23, [29] [30] [31] [32] ), or if the mediation field is not the EM field (e.g., the phonon field).
